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2 NOMENCLATURE

Figure 1: First-person-view racing inspired quadrotor platform used for the experiments presented in [1].

1 Introduction

In this document, we summarized the theory and math behind the quadrotor control algorithms de-
veloped at the Robotics and Perception Group as they are implemented in our rpg quadrotor control
repository. If you spot any typos or mistakes or want to improve or add something, please open
an issue or send us a pull request on https://github.com/uzh-rpg/rpg_quadrotor_control.
The control algorithms presented here are published in [1], for which we developed the quadrotor
shown in Fig. 1, and in [2].

2 Nomenclature
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Figure 2: Schematics of the considered quadrotor model with the used coordinate systems and rotor forces.

In this work, we make use of a world frame W with orthonormal basis {xW, yW, zW} represented
in world coordinates and a body frame B with orthonormal basis {xB, yB, zB} also represented in
world coordinates. The body frame is fixed to the quadrotor with an origin coinciding with its
center of mass as depicted in Fig. 2. The rotor numbering and rotation directions can also be seen
in Fig. 2. The quadrotor is subject to a gravitational acceleration g in negative zW direction. We
denote the position of the quadrotor’s center of mass as p, and its derivatives, velocity, acceleration,
jerk, and snap as v, a, j, and s, respectively. We represent the quadrotor’s orientation as a rotation
matrix R =

[
xB yB zB

]
and its body rates (i.e., the angular velocity) as ω represented in body

coordinates. Finally, we denote quantities that can be computed from a reference trajectory as

2

https://github.com/uzh-rpg/rpg_quadrotor_control
https://github.com/uzh-rpg/rpg_quadrotor_control


3 DYNAMICAL MODEL

reference values and quantities that are computed by an outer loop feedback control law and
passed to an inner loop controller as desired values. A reference trajectory consists of the reference
position pref , the reference velocity vref , the reference acceleration aref , the reference jerk jref , and
the reference snap sref , as well as a reference heading ψref , a reference heading rate ψ̇ref , and a
reference heading acceleration ψ̈ref .

3 Dynamical Model

We consider a quadrotor that is modeled as a rigid body which is controlled by four single rotor
thrusts fi as illustrated in Fig. 2. By changing these four single rotor thrusts, a three axis torque
η and a mass normalized collective thrust c can be applied on the quadrotor’s body. The relation
of the single rotor thrusts to the collective thrust and the body torques can be formulated using
the coordinate system of Fig. 2 as

η =


√

2
2 l(f1 − f2 − f3 + f4)√
2

2 l(−f1 − f2 + f3 + f4)
κ1f1 − κ2f2 + κ3f3 − κ4f4

 , (1)

mc = f1 + f2 + f3 + f4, (2)

where l is the quadrotor’s arm length, κi = κ(fi) is a coefficient relating the drag torque and the
thrust of a single rotor, and m is the quadrotor’s mass. Note that unlike in [3] and [4], we consider
the rotor drag torque coefficient κ to be a function of the rotor thrust (cf. Fig 4) and not a
constant.

We model the single rotor thrust f and drag torque τ as quadratic polynomials of the motor
input u as

f(u) = kf2u
2 + kf1u + kf0 , (3)

τ(u) = kτ2u
2 + kτ1u + kτ0 , (4)

where the coefficients kfj and kτj are identified by running a single motor with a propeller on a
load cell and measuring the resulting forces and moments. The motor input u corresponds to the
command we can send to our electronic speed controllers in the range [−1, 1]. We chose to have
three coefficients since it approximates the measured values better than modeling the rotor thrust
and drag torque with only a quadratic term, as proposed in e.g. [5]. Fig. 3 compares the two
methods for fitting the thrust mapping. From (3) and (4), we can compute the rotor drag torque
coefficient as

κ(f) =

τ

(
u =

−kf1+
√

(kf1 )
2−4kf2 (kf0−f)

2kf2

)
f

. (5)

Fig. 4 shows the identified values for the rotor drag torque coefficient and how it varies by about
10 % over the entire range of available motor inputs. We consider the dynamical model of a
quadrotor with rotor drag developed in [6] with no wind, stiff propellers, and no dependence of the
rotor drag on the thrust. Additionally, as in [2], we model the dynamics of the single rotor thrusts
as first order systems

ḟ =
1

αmot

(fdes − f) (6)

where the time constant αmot is identified from applying step inputs to a single motor with propeller
on a load cell as illustrated in Fig. 5. From these load-cell experiments we found that for modern
ESCs that actively break the motor when spinning down, the time constant is almost identical
when spinning a motor up or down and we therefore do not need to separate those cases. Because
of that, also the bod torques have first order dynamics with the same time constant as the single
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3 DYNAMICAL MODEL
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Figure 3: To approximate the thrust mapping for a single motor with propeller, we fit a second order
polynomial into raw thrust measurements obtained by running the motor on a load cell. The polynomial
fit approximates the measurements much better than a purely quadratic fit of the form f(u) = kf2u

2.
Data is captured with stiff 6x4.5 inch propellers, Cobra CM-2208/20 2000Kv motors, and DYS XSD20A
electronic speed controllers which are commanded through the Dshot300 protocol (Setup shown in Fig. 1).

rotor thrusts. According to these models in [6] and [2], the dynamics of the position p, velocity v,
orientation R, body rates ω, and body torques η can be written as

ṗ = v (7)

v̇ = −gzW + czB −RDR>v (8)

Ṙ = Rω̂ (9)

ω̇ = J−1 (η − ω × Jω − τ g −AR>v −Bω) (10)

η̇ =
1

αmot

(ηdes − η) (11)

where c is the mass-normalized collective thrust, D = diag (dx, dy, dz) is a constant diagonal matrix
formed by the rotor-drag coefficients, ω̂ is a skew-symmetric matrix formed from ω, J is the
quadrotor’s inertia matrix, η are the torque inputs, τ g are gyroscopic torques from the propellers,
and A and B are constant matrices of the form

A =

0 ∗ 0
∗ 0 0
0 0 0

 , and B =

∗ 0 0
0 ∗ 0
0 0 ∗

 . (12)

For the derivations and more details about these terms, please refer to [6]. In this model, we
consider the motor dynamics for the rotational states but neglect them for the collective thrust
c. We do this because the collective thrust is computed in a high-level position controller, which
typically runs at a frequency comparable to the motor dynamics and therefore too slow to consider
these dynamics in the control method. In this work, we adopt the thrust model presented in [7]

c = ccmd + khv
2
h (13)

where ccmd is the commanded collective thrust input, kh is a constant, and vh = v>(xB + yB). The
term khv

2
h acts as a quadratic velocity-dependent input disturbance which adds up to the input
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4 CONTROL
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Figure 4: Values for κ estimated from load cell data obtained by dividing drag torque and thrust values
for a motor and propeller. The fitted curve is the ratio of the fitted quadratic functions for measured
thrust and drag torque in (3) and (4). Data is captured with stiff 6x4.5 inch propellers, Cobra CM-
2208/20 2000Kv motors, and DYS XSD20A electronic speed controllers which are commanded through
the Dshot300 protocol (Setup shown in Fig. 1).

ccmd. The additional linear velocity-dependent disturbance in the zB direction of the thrust model
in [7] is lumped by dz directly in (8) by neglecting its dependency on the rotor speeds. Note that
this dynamical model of a quadrotor is a generalization of the common model found, e.g., in [8],
in which the linear rotor drag components are typically neglected, i.e., D, A and B are considered
null matrices.

4 Control

In this section, we present our proposed quadrotor control scheme, which is split into a high-
level part for position control and a low-level part for attitude control. The high-level position
control outputs the desired orientation, desired collective thrust command, desired body rates,
and the desired angular accelerations. These desired values are then tracked by the low-level
attitude controller, which directly commands the four motors. This controller is implemented in
our open-source software on https://github.com/uzh-rpg/rpg quadrotor control

4.1 High-Level Control

4.1.1 Reference Inputs

To achieve accurate tracking of a reference trajectory, a quadrotor position controller requires
reference inputs which it uses as feed-forward terms. In this section, we show how the reference
orientation, thrust, body rates, and angular accelerations can be computed from a reference tra-
jectory through the differential flatness property of quadrotor dynamics subject to rotor drag as
proved in [1]. For brevity, we omit a ref subscript of the values computed in this section since they
are all reference values.

We first compute the reference orientation R, which is defined by (8) and the reference heading

5
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4.1 High-Level Control 4 CONTROL
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Figure 5: Thrust transients of a single motor with propeller on a load cell for a step up (blue) and a step
down (red). A first order system fit for both is overlaid in red. Data is captured with stiff 6x4.5 inch
propellers, Cobra CM-2208/20 2000Kv motors, and DYS XSD20A electronic speed controllers which are
commanded through the Dshot300 protocol (Setup shown in Fig. 1).

ψ. From (8), we can derive the constraints

x>Bα = 0, with α = a + gzW + dxv (14)

y>Bβ = 0, with β = a + gzW + dyv. (15)

To enforce a reference heading ψ, we furthermore constrain the projection of the xB axis into the
xW − yW plane to be collinear with xC (cf. Fig.2), where

xC =
[
cos(ψ) sin(ψ) 0

]>
(16)

yC =
[
− sin(ψ) cos(ψ) 0

]>
. (17)

From this, (14) and (15), and the constraints that xB, yB, and zB must be orthogonal to each
other and of unit length, we can construct R with

xB =
yC ×α
‖yC ×α‖

(18)

yB =
β × xB

‖β × xB‖
(19)

zB = xB × yB (20)

as

R =
[
xB yB zB

]
. (21)

One can verify that these vectors are of unit length, perpendicular to each other, and satisfy the
constraints (14) - (17). If yC is collinear to α or β is collinear to xB, the computation of the
orientation is affected by a singularity which we tackle as described in Appendix A.
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4.1 High-Level Control 4 CONTROL

The collective reference thrust can then be computed as

c = z>B (a + gzW + dzv) . (22)

Then the collective thrust input can be computed as a function of c, R, and the flat outputs, as

ccmd = c− kh(v>(xB + yB))2. (23)

By following [1], we can compute the reference body rates by solving the following linear system
of equations

ωy (c− (dz − dx) (z>Bv))− ωz (dx − dy) (y>Bv)

= x>B j + dxx
>
Ba (24)

ωx (c+ (dy − dz) (z>Bv)) + ωz (dx − dy) (x>Bv)

= −y>B j− dyy>Ba (25)

ωz =
1

‖yC × zB‖
(
ψ̇x>C xB + ωyy

>
C zB

)
(26)

for ωx, ωy, and ωz as

ωx =
−B1C2D3 + B1C3D2 − B3C1D2 + B3C2D1

A2 (B1C3 − B3C1)
(27)

ωy =
−C1D3 + C3D1

B1C3 − B3C1
(28)

ωz =
B1D3 − B3D1

B1C3 − B3C1
(29)

where

B1 = c− (dz − dx) (z>Bv) (30)

C1 = − (dx − dy) (y>Bv) (31)

D1 = x>B j + dxx
>
Ba (32)

A2 = c+ (dy − dz) (z>Bv) (33)

C2 = (dx − dy) (x>Bv) (34)

D2 = −y>B j− dyy>Ba (35)

B3 = −y>C zB (36)

C3 = ‖yC × zB‖ (37)

D3 = ψ̇x>C xB. (38)

To compute the reference angular accelerations, we take the derivative of the linear system of
equations (24)-(26) and solve it for ω̇x, ω̇y, and ω̇z as

ω̇x =
−B1C2E3 + B1C3E2 − B3C1E2 + B3C2E1

A2 (B1C3 − B3C1)
(39)

ω̇y =
−C1E3 + C3E1
B1C3 − B3C1

(40)

ω̇z =
B1E3 − B3E1
B1C3 − B3C1

(41)
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4.1 High-Level Control 4 CONTROL

where

E1 = x>Bs− 2ċωy − cωxωz + x>Bξ (42)

E2 = −y>B s− 2ċωx + cωyωz − y>Bξ (43)

E3 = ψ̈x>C xB + 2ψ̇ωzx
>
C yB − 2ψ̇ωyx

>
C zB

− ωxωyy>C yB − ωxωzy>C zB (44)

ċ = z>B j + ωx (dy − dz) (y>Bv)

+ ωy (dz − dx) (x>Bv) + dzz
>
Ba (45)

ξ = R(ω̂2D + Dω̂2 + 2ω̂Dω̂>) R>v

+ 2R(ω̂D + Dω̂>) R>a + RDR>j. (46)

The computation of the body rates and angular acceleration may be affected by singularities,
which we treat as described in Appendix A. More details of these derivations can be found in our
technical report [9].

4.1.2 High-Level Control Law

In our high-level position controller, which is adapted from [10], we compute the desired orientation
Rdes, collective thrust command ccmd, body rates ωdes, angular accelerations ω̇des, and angular jerk
ω̈des, which are then applied by the low-level controller described in the next section. As a first
step in the position controller, we compute the desired acceleration of the quadrotor’s body as

ades = afb + aref − ard + gzW (47)

where afb are the PD feedback-control terms computed from the position and velocity control
errors as

afb = −Kpos (p− pref)− Kvel (v − vref) (48)

where Kpos and Kvel are constant diagonal matrices. The reference acceleration aref is obtained
directly from the reference trajectory and the acceleration due to rotor drag ard is computed
according to (8) as

ard = −RrefDR>ref vref . (49)

We compute the desired orientation Rdes such that zB,des = ades/ ‖ades‖ and the reference heading
ψref is respected. This is achieved with

zB,des =
ades

‖ades‖
(50)

xB,des =
yC × zB,des

‖yC × zB,des‖
(51)

yB,des = zB,des × xB,des (52)

as

Rdes =
[
xB,des yB,des zB,des

]
. (53)

By projecting the desired accelerations onto the actual body z-axis and considering the thrust
model (13), we can then compute the collective thrust input as

ccmd = a>deszB − kh(v>(xB + yB))2. (54)

Finally, we compute the desired body rates, the angular accelerations, and the angular jerk by
transforming the reference body rates into the current body frame and take its derivatives as

ωdes = R>Rrefωref (55)

ω̇des = R>Rref ω̇ref − ω̂R>Rrefωref (56)

8



4.2 Low-Level Control 4 CONTROL

4.2 Low-Level Control

The low-level controller is responsible for tracking the desired desired orientation, desired body
rates, and the desired angular accelerations as computed by the high-level controller. This can
be achieved by controllers such as presented in [11] or [8] but they are often not practical due to
the unavailability of an attitude estimate in the low-level control loop. Therefore, we split the
low-level controller into an attitude part that runs with the high-level controller and a separate
body-rate controller which does not require an attitude estimate. This section introduces the low-
level control which we implemented in our rpg rotors interface except for the attitude controller
which is implemented in position controller.

4.2.1 Attitude Control

Our attitude controller is based on quaternion representations of the attitude and is similar to
[12]. It can be shown that this control law is globally asymptotically stable and its discrete
implementation is robust to measurement noise [12, 13]. This controller is implemented in our
position controller.

We first compute the attitude error as an error quaternion as

qe = q−1 ⊗ qdes. (57)

From the elements of the error quaternion we can then directly compute the feedback body rates
as

ωfb =

{
2 · Katt · qe if qe,w ≥ 0

−2 · Katt · qe if qe,w < 0
(58)

where the error quaternion qe is defined according to the convention in (126) and qe,w is its real
part and

Katt =

0 krp 0 0
0 0 krp 0
0 0 0 ky

 (59)

where krp and ky are attitude control gains.

4.2.2 Body-Rate Control

In this section, we present a body-rate controller that provides good tracking and disturbance
rejection performance by considering the dynamics of the body rates and body torques (10) and
(11) as suggested in our work [2]. We achieve this by designing an LQR controller for a dynamical
system containing the body rates and body torques as state. The inputs to this controller are the
desired body rates ωdes, the feedback body rates ωfb, and the desired mass normalized collective
thrust ccmd, which are given from the high-level position and attitude controller.

Linearizing (10) and (11) around ω = 0 and η = 0 leads to the system[
ω̇
η̇

]
=

[
0 J−1

0 − 1
αmot

I3

] [
ω
η

]
+

[
0

1
αmot

I3

]
ηdes (60)

which we can use to design an infinite-horizon LQR control law u = −Klqrs that minimizes the
cost function∫

s>Qs + u>Ru dt (61)

where Q is a diagonal weight matrix and R is the identity matrix. The solution to the formulated
LQR problem is a gain matrix of the form

Klqr =

kωxy
0 0 kηxy

0 0
0 kωxy

0 0 kηxy
0

0 0 kωz
0 0 kηz

 (62)
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which corresponds to a PD controller of the body rates. Additionally, we add feed forward terms
such that ωdes is reached with ω̇ = ω̇des, resulting in the control policy

ηdes = Klqr

[
ωdes + ωfb − ω
ηref − η

]
+ ω × Jω + Jω̇des, (63)

with ηref = ωdes × Jωdes + Jω̇des computed from (10). The vector ω are the estimated body rates
measured by the onboard gyroscopes, and η are the estimated body torques obtained by estimating
the single rotor thrusts with (6) and using (1) to transform them into body torques. Also note that
this estimation can be improved if feedback of the rotor speeds is available. In the controller (63),
the term ω × Jω provides feedback linearization, compensating for the coupling terms in the body-
rate dynamics, and Jω̇des is a feed-forward term on desired angular accelerations.

4.2.3 Iterative Thrust Mixing

To compute the single rotor thrusts that achieve the desired body torques ηdes and collective thrust
ccmd, which we denote as mixer inputs, we have to solve (1) and (2) for fi. Since we consider the
rotor drag torque coefficients to be a function of the rotor thrust, we cannot solve this system of
equations directly, but we can do so iteratively, as proposed in our previous work [2].

To initialize the iteration, we start by setting the single rotor thrusts equal such that they
achieve the desired collective thrust:

fi =
mccmd

4
. (64)

Note that these values are only used to compute the rotor drag torque coefficients in the first
iteration. Then, we start the iteration with the following two steps: i) solve (5) to get κi, and ii)
solve (1) and (2) with ηdes and ccmd for fi.

4.2.4 Saturation with Input Priorities

Once we have computed the desired single rotor thrusts, we have to make sure that they lie within
the feasible range [fmin, fmax] for each single motor, which we do as proposed in our previous
work [2]. Naively, feasible inputs can be achieved by clipping each rotor thrust if its desired
value is outside this range. This is a simple and fast procedure with the drawback that none of
the desired mixer inputs ηdes and ccmd is achieved exactly if one of the rotor thrusts is clipped.
Nonetheless, not all these mixer inputs are equally important in terms of the quadrotor’s ability to
stabilize and track a trajectory. Since a quadrotor can only produce a collective thrust in its body
upwards direction, it has to be aligned with the desired acceleration for following a trajectory in
3D space. The rotation around the thrust direction is irrelevant for the translational motion of
the quadrotor. Therefore, we want to give least priority to achieve the desired yaw torque in case
of an input saturation. On the other hand, the quadrotor uses roll and pitch torques to change its
thrust direction which enables stabilization and therefore makes them the most important inputs.
Furthermore, state of the art control methods for quadrotors (e.g. [8], [3], [10]) are based on the
assumption that the orientation of the thrust vector can be changed quickly. For these reasons,
in case of an input saturation, we want to give highest priority to applying the desired roll and
pitch torques, second highest priority to applying the desired collective thrust, and lowest priority
to applying the desired yaw torque.

Yaw-Torque Saturation We achieve this prioritization by a saturation scheme as summarized
in Algorithm 1. First, the single rotor thrusts are computed according to Section 4.2.3. If one
of the single rotor thrusts exceeds its limits, we try to change the applied yaw torque to avoid
saturation, given that the desired yaw torque is above a certain minimum ηz,assured, which we can
optionally impose. Such an assured yaw torque might be desired for applications where we want to
guarantee that we always have some control on the heading of a quadrotor. In case of saturation,
we do not apply the iterative mixer in order to save time since we are unable to apply the desired
yaw torque anyways. To do the yaw-torque saturation, we find the rotor that violates the input
limit the most, set it to the corresponding limit and then solve (1) and (2) for the remaining rotor

10
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Algorithm 1 Rotor Thrust Saturation

Compute fi as detailed in Section 4.2.3
Perform yaw-torque saturation:
if Motor saturated AND |ηz,des| > ηz,assured then

Find rotor j that violates thrust limits the most
fj ← flimit
Solve (1) and (2) for firj and ηz
if sign(ηz,des) · ηz < ηz,assured then

ηz ← sign(ηz,des) · ηz,assured
Solve (1) and (2) for fi

end if
end if
Perform collective-thrust saturation:
if Motor saturated then

if NOT(upper AND lower saturation reached) then
Find rotor j that violates thrust limits the most
Shift fi equally s.t. fj = flimit

end if
end if
Enforce single rotor thrust limits by thrust clipping

thrusts and the yaw torque. If the resulting yaw torque is still above the value we want to assure,
we successfully enforced all the rotor-thrust limits by only changing the applied yaw torque. In
other words, in this case, Algorithm 1 guarantees that the quadrotor applies the desired roll and
pitch torques and the desired collective thrust, but not the desired yaw torque. If the resulting
yaw torque is below the value we want to assure, we set it to the assured value ηz,assured and
recompute the rotor thrusts.

Collective-Thrust Saturation If one of the rotor-thrust limits is still violated, we try to change
the applied collective thrust to avoid saturation. This is only possible if two rotors do not violate
the upper and the lower limit simultaneously, in which case it is impossible to achieve the desired
roll and pitch torques by changing the applied collective thrust. If only one limit is violated, we
find the rotor that violates the input limit the most, set it to its limit and shift the remaining
rotor thrusts by the same amount. In this case, Algorithm 1 ensures that the quadrotor applies
the desired roll and pitch torques but not the desired collective thrust and not the desired yaw
torque.

Thrust Clipping At this point, if a rotor still violates its input limits, we have to apply thrust
clipping and can therefore not achieve any of the desired mixer inputs precisely.

4.3 Delay Compensation

TODO: about state predictor

4.4 Battery Voltage Compensation

Since we use electronic speed controllers that control the percentage of input voltage, the resulting
rotor thrust for a given command depends on the battery voltage. To improve the trajectory
tracking performance of our quadrotors, we compensate for this voltage dependency. By performing
thrust mapping identifications with different voltages which are controlled by a power supply unit,
in Fig. 6, we found that they are related by a constant factor to each other. Furthermore, by
letting a quadrotor hover for an entire battery charge while applying the thrust mapping identified
at 12 V, we found that this factor, which depicts the ratio of the commanded thrust to the actually
produced thrust, is a linear function of the battery voltage (see Fig. 7). The collective thrust
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Figure 6: Second order polynomial thrust mapping (c.f. (3)) for different voltages between 10.8 V and
12.6 V identified on an ATI Mini40 load cell.

command that compensates for the varying battery voltage can therefore be obtained as

ccmd,comp = (kv1vbat + kv0) ccmd (65)

where vbat is the measured battery voltage and kv1 and kv0 are the identified coefficients of the linear
function describing the voltage dependent thrust ratio. Compared to [14], our method only needs
to measure the battery voltage not the state of charge of the battery. Furthermore, since other
influences on the thrust, such as the air density, are also multiplicative, we can identify all of them
lumped together with this procedure. The benefits of this procedure are illustrated in Fig. 8.

5 Trajectory Generation

5.1 Computing Relevant Maxima from a Reference State

When designing a trajectory, it is often desired to enforce some limits which need to be computed
from a desired state. This section shows how to compute to most relevant values for quadrotors,
namely the speed, the collective thrust, and the norm of the roll and pitch rates (especially relevant
for vision-based quadrotors) as it is implemented in our polynomial trajectories library. We assume
that from a sample point on a given trajectory, we can get the reference state sdes containing the
position, velocity, acceleration, and jerk.

sdes =
[
Rdes vdes ades jdes

]
(66)

Speed and Collective Thrust

The speed can simply be obtained by taking the norm of the reference velocity

v = ‖vdes‖ , (67)

and the collective thrust can be computed as

c = ‖ades − g‖ , (68)

with g = [0 0 − g]>.
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Figure 7: Estimation of thrust correction coefficient.
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Roll and Pitch Rate Norm

We introduce the desired acceleration vector in world coordinates as

f = ades − g = RWB ·

0
0
c

 = RWB · c, (69)

where g is defined as above. Note that ‖f‖ = c since the rotation of a vector does not change is
length. Therefore we can say

RWB ·

0
0
1

 =
f

‖f‖ = f̄ . (70)

Taking the derivative leads to

RWB · ω̂ ·

0
0
1

 = ˙̄f , (71)

ω̂ ·

0
0
1

 = R>WB · ˙̄f , (72)

 ωy
−ωx

0

 = R>WB · ˙̄f , (73)

where ˙̄f is computed as

˙̄f =
d

dt

(
f

‖f‖

)
, (74)

=
ḟ · ‖f‖ − f · f>·ḟ

‖f‖

‖f‖2
, (75)

=
ḟ

‖f‖ −
f · f> · ḟ
‖f‖3

, (76)

=
j

‖f‖ −
f · f> · j
‖f‖3

, (77)

using the fact that ḟ = j. With all this we can write ωy
−ωx

0

 = R>WB ·
(

j

‖f‖ −
f · f> · j
‖f‖3

)
, (78)

= R>WB ·
j

c
−R>WB

RWB · c · c> ·R>WB · j
c3

, (79)

= R>WB ·
j

c
− c · c> ·R>WB · j

c3
. (80)

Noting that

c · c> =

0 0 0
0 0 0
0 0 c2

 , (81)

and using (118), we get ωy
−ωx

0

 =

(eBx )> · j
c

(eBy )> · j
c

(eBz )> · j
c

−
 0

0

(eBz )> · j
c

 . (82)
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Note that
∥∥∥R>WB · j

c

∥∥∥ =
∥∥∥ j
c

∥∥∥ and that eBz can be retrieved from the desired acceleration as

eBz =
ades − g

‖ades − g‖ . (83)

Therefore, we can compute the norm of the roll and pitch body rates as

‖ωx,y‖ =

∥∥∥∥∥∥
 ωy
−ωx

0

∥∥∥∥∥∥ =

√∥∥∥∥ j

c

∥∥∥∥2

−
(

(eBz )> · j

c

)2

(84)

6 Math

6.1 Mechanics

6.1.1 Euler’s first law

The linear momentum of a rigid body, p is defined as

p := m · vS , (85)

where m is the mass of the body, and vS is the velocity of the center of mass. Euler’s first law
states that the change of linear momentum is equal to the sum of all external forces F:

ṗ = F, (86)

Differentiating (85) and inserting in (86) gives

ṗ = m · aS = F, (87)

where aS is the acceleration of the center of mass.

6.1.2 Euler’s second law

The angular momentum of a rigid body with respect to a stationary point O is defined as

LO := ROP × p + IP ·Ω +m ·RPS × vP, (88)

where P is an arbitrary point on the body, and IP is the second moment of inertia matrix with
respect to a rotation around P , Ω is the angular velocity of the body. Evaluating (88) not for an
arbitrary P but at the center of mass P = S we find

LO = ROS × p + IS ·Ω. (89)

Euler’s second law states that the change of angular momentum is equal to the sum of all external
moments MO with respect to O:

L̇O = MO. (90)

Differentiating (89) and inserting in (90) gives

L̇O = ROS × ṗ + IS ·Ψ + Ω× IS ·Ω = MO, (91)

where Ψ is the angular acceleration of the body. We can further rewrite (91) as

L̇O −ROS × ṗ = IS ·Ψ + Ω× IS ·Ω = MO −ROS × ṗ,

= MO + RSO × ṗ,

= MO + RSO × F,

IS ·Ψ + Ω× IS ·Ω = MS. (92)
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6.1.3 Differentiating the Angular Momentum

This section shows how to differentiate LO. First, we restate (89) for the definition of the angular
momentum

LO = ROS × p + IS ·Ω. (93)

Later we will use Euler’s differentiation rule, therefore we restate it here. Euler’s differentiation
rule is used to differentiate in a body fixed coordinate system B

Bċ = (Bc)
′
+ WωWB × Bc. (94)

Note the special notation for (Bc)
′
which is just the differentiation over time of Bc which is different

than the differentiation expressed in the B system Bċ. Now, lets start to calculate L̇O. For better
readability we differentiate the two terms in (93) separately:

˙(ROS × p) = ṘOS × p + ROS × ṗ, (95)

= vS × p + ROS × ṗ, (96)

= vS ×m · vS + ROS × ṗ, (97)

= ROS × ṗ. (98)

To differentiate IS ·Ω we evaluate it in the body fixed coordinate system B. We do this because
the second moment of inertia matrix BIS is constant in a body fixed frame

B
˙(IS ·Ω) = (BISBΩ)

′
+ BΩ × BIS · BΩ, (99)

=��
�*0

(BIS)
′
BΩ + BIS (BΩ)

′
+ BΩ × BIS · BΩ, (100)

= BIS (BΩ)
′
+ BΩ × BIS · BΩ. (101)

To rewrite (BΩ)
′

we differentiate the angular velocity of the body using euler’s formula (94)

BΩ̇ = (BΩ)
′
+ WωWB × BΩ, (102)

= (BΩ)
′
+��

���:
0

BΩ × BΩ, (103)

= (BΩ)
′
. (104)

Inserting (104) in (101) we can continue with the differentiation of the second term

B
˙(IS ·Ω) = BISBΩ̇ + BΩ × BIS · BΩ. (105)

This result is valid in any coordinate system not only the body fixed, therefore we can write (105)
as

˙(IS ·Ω) = ISΩ̇ + Ω× IS ·Ω. (106)

Combining the results (98) and (106) we finally find

L̇O = ROS × ṗ + ISΩ̇ + Ω× IS ·Ω, (107)

= ROS × ṗ + ISΨ + Ω× IS ·Ω. (108)

Again this result is valid in any coordinate system.

6.1.4 Summary

Note that we can not only evaluate (87) and (92) in the world frame W but in any rotating
coordinate systems A and C.

m · AaS = AF, (109)

CIS · CΨ + CΩ × CIS · CΩ = CMS. (110)
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6.2 Attitude Representations

This is not an introduction to coordinate transformations but a small summary of the important
math we need to describe the dynamics of a quadrotor.

6.2.1 Rotation Matrices and Euler Angles

We denote the rotation matrix that converts from system B to W as RWB and the translation of
system B with respect to system W as tWB , respectively. To convert a vector c from the body
frame B to the world frame W we use

Wc = RWB · Bc. (111)

Correspondingly, to convert a point p from the body frame B to the world frame W we use

Wp = RWB · Bp + WtWB. (112)

Later on Euler angles can be used. It is really important to keep in mind that with Euler angles
the order of each single rotation is important. When you are using formulas with euler angles,
always check what convention they are using. Here we will use the z − y − x convention:

1. yaw ψ around the z body axis

2. pitch θ around the new y body axis

3. roll φ around the new x body axis

RWB = Rz(ψ)Ry(θ)Rx(φ), (113)

where

Rz(ψ) =

cos(ψ) − sin(ψ) 0
sin(ψ) cos(ψ) 0

0 0 1

 , (114)

Ry(θ) =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)

 , (115)

Rx(φ) =

1 0 0
0 cos(φ) − sin(φ)
0 sin(φ) cos(φ)

 . (116)

Putting it all together we get

RWB =

c(ψ) c(θ) c(ψ) s(θ) s(φ)− s(ψ) c(φ) c(ψ) s(θ) c(φ) + s(ψ) s(φ)
s(ψ) c(θ) s(ψ) s(θ) s(φ) + c(ψ) c(φ) s(ψ) s(θ) c(φ)− c(ψ) s(φ)
− s(θ) c(θ) s(φ) c(θ) c(φ)

 , (117)

=
[
xB yB zB

]
, (118)

with xB, yB and zB being the orthogonal basis vectors of the Body coordinate system B represented
in world coordinates W as illustrated in Fig. 2. The angular velocity of coordinate system B with
respect to the world frame W is denoted as ωWB. For the next step, we define the skew symmetric
matrix

ω̂WB =

 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 . (119)

The angular velocity is defined as

Wω̂WB := ṘWB ·RT
WB, (120)
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or in body frame B

Bω̂WB = RBW · Wω̂WB ·RT
BW, (121)

= RBW · ṘWB ·RT
WB ·RT

BW, (122)

= R>WB · ṘWB. (123)

Evaluating (120) and (123) for ωWB we get

WωWB =

φ̇ c(θ) c(ψ)− θ̇ s(ψ)

φ̇ c(θ) s(ψ) + θ̇ c(ψ)

−φ̇ s(θ) + ψ̇

 =

c(θ) c(ψ) − s(ψ) 0
c(θ) s(ψ) c(ψ) 0
− s(θ) 0 1

φ̇θ̇
ψ̇

 , (124)

and

BωWB =

 φ̇− s(θ)ψ̇

c(φ)θ̇ + s(φ) c(θ)ψ̇

− s(φ)θ̇ + c(φ) c(θ)ψ̇

 =

1 0 − s(θ)
0 c(φ) s(φ) c(θ)
0 − s(φ) c(φ) c(θ)

φ̇θ̇
ψ̇

 . (125)

6.2.2 Quaternions

Instead of using Euler angles or rotation matrices, the orientation of a quadrotor can also be
represented as a quaternion. We denote

qWB =
[
qw qx qy qz

]>
(126)

as the quaternion that describes the orientation of coordinate frame B with respect to coordinate
frame W , where qw is the real part of the quaternion. Note that qWB is what you get from optitrack.
The adjoint, norm, and inverse of the quaternion, q, are

q̄ =
[
qw −qx −qy −qz

]>
, (127)

‖q‖ =
√
q2
w + q2

x + q2
y + q2

z , (128)

q−1 =
q̄

‖q‖ . (129)

Quaternion Multiplication Quaternion multiplication is not commutative. The Quaternion
multiplication between quaternions q and p is defined as

q⊗ p = Q (q) · p = Q̄ (p) · q, (130)

p⊗ q = Q (p) · q = Q̄ (q) · p, (131)

(132)

where

Q (q) =


qw −qx −qy −qz
qx qw −qz qy
qy qz qw −qx
qz −qy qx qw

 , (133)

Q̄ (q) =


qw −qx −qy −qz
qx qw qz −qy
qy −qz qw qx
qz qy −qx qw

 . (134)

We find that

Q (q̄) = Q (q)
>
, (135)

Q̄ (q̄) = Q̄ (q)
>
. (136)
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Rotating a Vector by a Quaternion To rotate a vector v by a quaternion q we use the notion
q� v. To rotate a vector Bv represented in body coordinates B into world coordinates W we can
apply[

0

Wv

]
=

[
0

qWB � Bv

]
= Q̄> (qWB) ·Q (qWB) ·

[
0

Bv

]
. (137)

This equation will be more clear by looking at the derivations for transforming a quaternion into
a rotation matrix as described in Section 6.2.3.

Quaternion Rates to Angular Velocity The time derivative of the unit quaternion is the
vector of quaternion rates. The quaternion rates q̇ are related to the angular velocities similar
to (120).[

0

WωWB

]
= 2q̇WB ⊗ q̄WB, (138)

= 2Q (q̇WB) q̄WB, (139)

= 2Q̄ (q̄WB) q̇WB, (140)

or in body fixed frame B[
0

WωWB

]
= 2q̄WB ⊗ q̇WB. (141)

More compactly, we can write

WωWB = 2W (qWB) q̇WB, (142)

WωWB = 2W′ (qWB) q̇WB, (143)

with W (qWB) and W′ (qWB) as defined in Section 6.2.3.

6.2.3 Changing Transformation Representation

This section lists the common conversions between different orientation representations.

Rotation Matrix to Euler Angles For this conversion, we denote Rij as the element in row
i and column j of RWB.

φ = atan2(R32, R33) (144)

θ = atan2(R31,
√
R2

32 +R2
33) (145)

ψ = atan2(R21, R11) (146)

Euler Angles to Rotation Matrix

RWB =

c(ψ) c(θ) c(ψ) s(θ) s(φ)− s(ψ) c(φ) c(ψ) s(θ) c(φ) + s(ψ) s(φ)
s(ψ) c(θ) s(ψ) s(θ) s(φ) + c(ψ) c(φ) s(ψ) s(θ) c(φ)− c(ψ) s(φ)
− s(θ) c(θ) s(φ) c(θ) c(φ)

 (147)

Quaternion to Euler Angles

φ = atan2(2qwqx + 2qyqz, q
2
w − q2

x − q2
y + q2

z) (148)

θ = − asin(2qxqz − 2qwqy) (149)

ψ = atan2(2qwqz + 2qxqy, q
2
w + q2

x − q2
y − q2

z) (150)
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Euler Angles to Quaternion

qWB =


qw
qx
qy
qz

 =


cos
(
φ
2

)
cos
(
θ
2

)
cos
(
ψ
2

)
+ sin

(
φ
2

)
sin
(
θ
2

)
sin
(
ψ
2

)
sin
(
φ
2

)
cos
(
θ
2

)
cos
(
ψ
2

)
− cos

(
φ
2

)
sin
(
θ
2

)
sin
(
ψ
2

)
cos
(
φ
2

)
sin
(
θ
2

)
cos
(
ψ
2

)
+ sin

(
φ
2

)
cos
(
θ
2

)
sin
(
ψ
2

)
cos
(
φ
2

)
cos
(
θ
2

)
sin
(
ψ
2

)
− sin

(
φ
2

)
sin
(
θ
2

)
cos
(
ψ
2

)

 (151)

Quaternion to Rotation Matrix Unit quaternions are quaternions with unity norm. Through-
out this section, we assume that

‖q‖ = 1. (152)

To convert a vector c from the body frame B to the world frame W we use[
0

Wc

]
= q ·

[
0

Bc

]
· q−1, (153)

= q ·
[

0

Bc

]
· q̄, (154)

= Q̄ (q)
>

Q (q)

[
0

Bc

]
, (155)

=

[
1 0>

0 RWB

] [
0

Bc

]
. (156)

From (155) and (156), it can be seen that the rotation matrix can be as

RWB =

q2
w + q2

x − q2
y − q2

z , 2qxqy − 2qwqz, 2qwqy + 2qxqz
2qwqz + 2qxqy, q2

w − q2
x + q2

y − q2
z , 2qyqz − 2qwqx

2qxqz − 2qwqy, 2qwqx + 2qyqz, q2
w − q2

x − q2
y + q2

z

 . (157)

To rewrite (155) and (156), we define

W(qWB) =

−qx qw −qz qy
−qy qz qw −qx
−qz −qy qx qw

 , (158)

W′(qWB) =

−qx qw qz −qy
−qy −qz qw qx
−qz qy −qx qw

 , (159)

which allows us to write (157) as

RWB = W(qWB)W′(qWB)>. (160)

Note that just as with rotation matrices, sequences of rotations are represented by products of
quaternions. That is, for unit quaternions it holds that

R(q · p) = R(q) R(p) . (161)

Getting a quaternion directly from a rotation matrix is not straight forward but is also not used
very often in our applications and if, we let Eigen do it.

6.3 Classical Modeling of a Quadrotor

6.3.1 Using Euler Angles

In this section we use Euler angles and the corresponding rotation matrices as defined in Sec-
tion 6.2.1, where the rotation matrix RWB(φ, θ, ψ) is a function of the euler angles.
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We can evaluate (87) in the world frame asẍÿ
z̈

 =

 0
0
−g

+ RWB(φ, θ, ψ)

0
0
c

 , (162)

or in vectorized form

p̈ = Wg + RWB(φ, θ, ψ) · c. (163)

Next, we evaluate (92) in the body coordinate system BJxx 0 0
0 Jyy 0
0 0 Jzz

ṗq̇
ṙ

+

pq
r

×
Jxx 0 0

0 Jyy 0
0 0 Jzz

pq
r

 =


√

2
2 l(f1 − f2 − f3 + f4)√
2

2 l(−f1 − f2 + f3 + f4)
κ(f1 − f2 + f3 − f4)

 ,
(164)Jxxṗ+ q · r (Jzz − Jyy)

Jyy q̇ + p · r (Jxx − Jzz)
Jzz ṙ + p · q (Jyy − Jxx)

 =


√

2
2 l(f1 − f2 − f3 + f4)√
2

2 l(−f1 − f2 + f3 + f4)
κ(f1 − f2 + f3 − f4)

 ,
(165)

or in vectorized form

J · Bω̇WB + WωWB × J · WωWB = η. (166)

Now, we want to write the quadrotor dynamics in state space form. First, we chose the state vector
as

s =
[
x y z ẋ ẏ ż φ θ ψ p q r

]>
, (167)

=
[
WpWB WvWB φ θ ψ WωWB

]>
. (168)

In the following we rewrite (162) and (165) in order to fit the state space form.ẋẏ
ż

 =

ẋẏ
ż

 , (169)

ẍÿ
z̈

 =

 0
0
−g

+ RWB(φ, θ, ψ)

0
0
c

 , (170)

φ̇θ̇
ψ̇

 =

1 t(θ) s(φ) t(θ) c(φ)
0 c(φ) − s(φ)

0 s(φ)
c(θ)

c(φ)
c(θ)

pq
r

 , (171)

ṗq̇
ṙ

 =


1
Jxx

(√
2

2 l(f1 − f2 − f3 + f4)− q · r (Jzz − Jyy)
)

1
Jyy

(√
2

2 l(−f1 − f2 + f3 + f4)− p · r (Jxx − Jzz)
)

1
Jzz

(κ(f1 − f2 + f3 − f4)− q · p (Jyy − Jxx))

 , (172)

or in vectorized form

WṗWB = WvWB, (173)

Wv̇WB = Wg + RWB(φ, θ, ψ) · c, (174)φ̇θ̇
ψ̇

 =

1 t(θ) s(φ) t(θ) c(φ)
0 c(φ) − s(φ)

0 s(φ)
c(θ)

c(φ)
c(θ)


WωWB, (175)

Bω̇WB = J−1 · (η − WωWB × J · BωWB) . (176)
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Finally, the derivation of the Euler angle derivatives in (171) and (175) is shown here. They are a
function of the Euler angles and the body rates:φ̇θ̇

ψ̇

 =

φ̇(φ, θ, ψ, p, q, r)

θ̇(φ, θ, ψ, p, q, r)

ψ̇(φ, θ, ψ, p, q, r)

 . (177)

For this we use (125):pq
r

 =

1 0 − s(θ)
0 c(φ) s(φ) c(θ)
0 − s(φ) c(φ) c(θ)

φ̇θ̇
ψ̇

 . (178)

Inverting (178) finally leads toφ̇θ̇
ψ̇

 =

1 t(θ) s(φ) t(θ) c(φ)
0 c(φ) − s(φ)

0 s(φ)
c(θ)

c(φ)
c(θ)

pq
r

 . (179)

6.3.2 Using Rotation Matrices

We define RWB to be the rotation matrix which transforms vectors from B to W , but also describes
the orientation of the quadrotor. In this section we will use the vectorized forms of the equations
only.

We can evaluate (87) in the world frame as

p̈ = Wg + RWB · c. (180)

Since we use the same representation of the body rates as in Section 6.3.1, the evaluation of (92)
remains the same as in (166).

We chose the state vector as

s =
[
WpWB WvWB RWB WωWB

]>
. (181)

In the following, we rewrite (180) and (166) in order to fit the state space form.

WṗWB = WvWB, (182)

Wv̇WB = Wg + RWB · c, (183)

ṘWB = RWB · Bω̂WB, (184)

Bω̇WB = J−1 · (η − WωWB × J · WωWB) . (185)

6.3.3 Using Quaternions

In this section, we use a quaternion qWB, as defined in Section 6.2.2, to represent the orientation
of the quadrotor. We will again use the vectorized forms of the equations only.

We can evaluate (87) in the world frame as

p̈ = Wg + qWB � c. (186)

Since we use the same representation of the body rates as in Section 6.3.1, the evaluation of (92)
remains the same as in (166).

We chose the state vector as

s =
[
WpWB WvWB qWB WωWB

]>
. (187)
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In the following, we rewrite (186) and (166) in order to fit the state space form.

WṗWB = WvWB, (188)

Wv̇WB = Wg + qWB � c, (189)

q̇WB = Λ(WωWB) · qWB, (190)

Bω̇WB = J−1 · (η − WωWB × J · WωWB) , (191)

where

Λ(WωWB) =
1

2


0 −p −q −r
p 0 r −q
q −r 0 p
r q −p 0

 =
1

2
Q̄

([
0

WωWB

])
=

1

2
Q̄




0
p
q
r


 . (192)

We find (190) by using (141)

q̇WB =
1

2
qWB ·

[
0

WωWB

]
, (193)

=
1

2
Q̄

([
0

WωWB

])
qWB. (194)

Equation (190) can be integrated as described in Appendix B.

23



A SINGULARITIES IN REFERENCE INPUTS

Appendices

A Singularities in Reference Inputs

In this section, we present some practical workarounds for some special cases where the presented
math is not valid. These workarounds typically only work if we can assume that these special cases
only occur for very short durations at a time.

Case - yC ×α = 0 This case occurs if either yC is aligned with α (defined in (14)) or α = 0.
In this case, any xB that is perpendicular to yC satisfies the constraint (14). To overcome this
ambiguity, we compute xB by projecting the estimated body x-axis into the xC − zC plane and
normalizing it as

xB =
xB,est −

(
x>B,estyC

)
yC∥∥xB,est −

(
x>B,estyC

)
yC

∥∥ . (195)

If the obtained
∥∥xB,est −

(
x>B,estyC

)
yC

∥∥ = 0, we set xB = xC. Note that this might lead to jumps
in the desired orientation. By assuming that this special case only occurs for a short duration it
might be better to just remember the last desired orientation that was computed before the special
case occurred.

Case - β × xB = 0 This case occurs if either xB is aligned with β (defined in (15)) or β = 0.
In this case, any yB that is perpendicular to xB satisfies the constraint (15). To overcome this
ambiguity, we compute yB by the cross product of the estimated body z-axis zB,est and xB and
normalizing it as

yB =
zB,est × xB

‖zB,est × xB‖
. (196)

If the obtained ‖zB,est × xB‖ = 0, we set yB = yC. Note that this might lead to jumps in the
desired orientation. By assuming that this special case only occurs for a short duration it might
be better to just remember the last desired orientation that was computed before the special case
occurred.

Case - Inverted Flight where z>Wα < 0 In the case where z>Wα < 0, (18) leads to a body
x-axis xB which has a projection into the xW − yW plane that points into the −xC direction. It is
still collinear to xC but this causes the actual heading to be off by 180◦ from the reference heading
ψref . Enforcing the reference heading during inverted flight by changing the sign of the desired xB

axis might lead to a jump in the desired orientation. However, to the best of our knowledge, it is
not possible to prevent jumps in the orientation for any trajectory. For example, when performing
a vertical loop where parts of it are flown upside down, we end up with a continuous orientation
of the quadrotor for a reference heading ψref = 0◦ when allowing the quadrotor to have its actual
heading 180◦ off as long as it flies upside down. When doing the same with a reference heading
ψref = 90◦, we do not end up with a continuous orientation of the quadrotor when applying the
same method. In this particular case, changing the sign of xB when the quadrotor is inverted, would
lead to a continuous orientation over the entire loop. In summary, the presented computation of
the desired orientation is not well suited for inverted flights, which require special considerations.

Case - A2 = 0 or (B1C3 − B3C1) = 0 The solutions of the body rates (27)-(29) and angular
accelerations (39)-(41) are obtained by divisions where the denominator is composed of coefficients
as defined in (30)-(38). These denominators can become zero which makes the body rates and
angular accelerations undefined. Similarly to α = 0 and β = 0, this is the case where the
quadrotor is executing ballistic trajectories. In such cases we set ω = 0 and ω̇ = 0.
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B Zeroth Order Integration of a Unit Quaternion

Simply integrating a quaternion derivative component-wise does not guarantee to result in a unit
quaternion and requires normalization. Under the assumption of a discrete time step in the interval
[t, t + ∆t] with constant body rates WωWB, a nice solution for the integration exists (from [15])
which does not require to normalize the quaternion. First we restate (190)

q̇WB = Λ(WωWB) · qWB. (197)

In literature we find the solution to this differential equation with starting point qWB(t) to be

qWB(t+ ∆t) = e(Λ(WωWB)∆t) · qWB(t). (198)

The matrix exponential is defined as

e(Λ(WωWB)∆t) = I4 + Λ(WωWB) ·∆t +
1

2!
(Λ(WωWB) ·∆t)2

+
1

3!
(Λ(WωWB) ·∆t)3

+ . . . (199)

It can easily be verified that

(Λ(WωWB))
2

= −1

4
‖WωWB‖2 · I4, (200)

where

‖WωWB‖ =
√
p2 + q2 + r2. (201)

Using (200) and rearranging the terms, (199) can be written as

e(Λ(WωWB)∆t) = I4 ·
(

1−
(
‖WωWB‖∆t

2

)2
2!

+

(
‖WωWB‖∆t

2

)4
4!

− . . .
)
, (202)

+
2

‖WωWB‖
Λ(WωWB) ·

((
‖WωWB‖∆t

2

)
1!

−
(
‖WωWB‖∆t

2

)3
3!

+ . . .

)
,

= I4 · cos

(‖WωWB‖∆t
2

)
+

2

‖WωWB‖
·Λ(WωWB) · sin

(‖WωWB‖∆t
2

)
. (203)

So the state update of the quaternion becomes

qWB(t+∆t) =

(
I4 · cos

(‖WωWB‖∆t
2

)
+

2

‖WωWB‖
·Λ(WωWB) · sin

(‖WωWB‖∆t
2

))
·qWB(t). (204)

C Proof of not Measuring Gravity in Flight

When a quadrotor is flying, its accelerometer is not measuring gravity but all the other forces
acting on the quadrotor (Thrust, Disturbances, ...). In fact, the accelerometer is never measuring
gravity. Just by definition, the magnitude of the measured accelerations in hover, or when standing
on the ground, is equal to the gravitational acceleration. But note that in these cases we measure
ã = −g which is due to the upwards force acting on the quadrotor in order to have it standing
still in a world frame. We demonstrate this using a simple model for an accelerometer. Fig. 9
shows the schematics of a model of an accelerometer in 2D. We model the accelerometer as a mass
mM connected by springs in all three axes to its casing which is rigidly attached to the quadrotor
with mass mq. The springs are modelled to be linear with spring constant ks. The output of the
accelerometer is the estimated acceleration of the quadrotor ãq, which is measured by the deflection
d of the mass mM . The force of the spring due to its deflection is

fs = ks · d = mM · ãq. (205)

By establishing the equilibrium of forces for the mass mM and the quadrotor we get

aM ·mM = mM · g + fs, (206)

aq ·mq = fct + fd +mq · g − fs, (207)
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mM

Quadrotor

ks

ks

d

fs

fs

mq · g

fct

mM · g

g

Figure 9: Schematics of the accelerometer model. The mass mM is connected to the quadrotor by linear
springs with spring constant ks. No dynamical effects of the mass mM and its deflection d are considered.

where aM and aq are the actual accelerations of the mass mM and the quadrotor represented in
the world frame, respectively. The vector g = [0 0 − g]> denotes the gravitational acceleration,
fct = mq · c is the force due to the applied collective thrust and fd are the forces due to external
disturbances. By substituting (205) into (206) and (207), we get

aM ·mM = mM · g +mM · ãq, (208)

aq ·mq = fct + fd +mq · g −mM · ãq. (209)

We neglect any dynamics of the accelerometer mass and assume that for a given acceleration the
corresponding deflection is reached instantly. Therefore, we can set aM ≡ aq. Using this and
substituting (208) into (209), we get

(ãq + g) ·mq = fct + fd +mq · g −mM · ãq. (210)

Since the mass mM is very tiny, we can assume that mM � mq. Therefore, we can solve (210) for
the measured acceleration of the quadrotor ãq as

ãq =
1

mq
· (fct + fd) . (211)

This shows that the accelerometer only measures accelerations due to the collective thrust applied
on the quadrotor. Because of this fact, it is not possible to estimate the attitude of a quadrotor in
flight without drift (even in roll and pitch) by only using IMU measurements. Nonetheless, when
the quadrotor has contact to a static object, and therefore is constrained in position, roll and pitch
can be estimated without drift by only using IMU measurements.
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